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Let L be any finite modular lattice. We prove that each interval Jz L 
has a symmetric and unimodal sequence of Whitney numbers of the second 
kind iff L may be represented as a direct product of primary q-lattices. We 
use the term “primary” in the classical sense of Jbnsson and Monk [7], 
while the term “q-lattice” is from Stanley [lo]. 
Actually, in the “if” part of the proof, we prove that, upon denoting by 
n and 1 the dimension and the rank of J, the sequence of the Whitney 
numbers of J is symmetric and unimodal of the form 
with 
w,< ... <WE-,= ... = w,> ... > w, 
We remark that this result generalizes some well-known facts regarding 
direct products of chains [ 11, in particular, Boolean algebras [ 11, subspace 
lattices of projective spaces [l], and subgroup lattices of finite abelian 
groups [S, 81. 
This part of the proof is divided in two sections. In the first we define, 
for every (eventually void) partition nl, . . . . n,, any positive integer q and 
any integer h, the numbers [n,, . . . . n,; h], by the recursion 
C@;hl,= :, 1 
for h=O 
for h#O 
Cn 1, . . . . hl, = [n1 - 1, . . . . h - l], + qy%-&, . . . . h], for n,> . . . >O 
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and prove that, if L is any semi-primary q-lattice of type n,, . . . . n,, then 
W,L= [nI, . . . . n,; h],, Vh. 
The above recursion is the same as that given by us for numbers of 
subgroups of given order in abelian groups of prime-power order [8] and 
generalizes the well-known recursions for binomial and gaussian coef- 
ficients. Each sequence [n,, . . . . n,; h],, h = 0, 1, . . . . C nj is symmetric and 
unimodal in virtue of the “unimodality theorem” [S]. 
We achieve the proof in the second section by refining a result of 
Andrews on products of reciprocal polynomials [2]. 
In the “only if” part of the proof we prove that, if W, J= W,J for each 
three-dimensional interval J of the modular lattice L, then L may be 
represented as a direct product of primary q-lattices, Hence, roughly 
speaking, we may say that, in the modular case, local symmetry implies 
general symmetry and unimodality. 
PART 1. FROM LATTICES TO WHITNEY NUMBERS 
Preliminaries 
The reader is referred to [4] for basic notions and results from lattice 
theory. We use the classical notation for binary lattice operations and 
ordering and c for the covering relation. Every lattice here considered is 
assumed, until further notice, to be finite; the least and the greatest elements 
of the lattice L are denoted by OL and l,, respectively. Let L be any lattice 
satisfying the Jordan-Holder chain condition. The dimension’ in L of the 
element x E L, denoted by S,(x), is the length of any maximal chain of L 
with endpoints OL and x-when no confusion arises we say dimension of 
x and write 6(x). 
The kth Whitney number’ (of the second kind) W,L of the n-dimen- 
sional lattice L is the number of k-dimensional elements of L, for 
k = 0, 1, . . . . n. It is clear that W,L = W,L = 1 and W,L > 1 for 0 < k < n. 
Isomorphic lattices have the same sequence of Whitney numbers, the 
vice versa is not always true. The element z of the lattice L is said to be 
a cycle3 (resp. dual cycle) if the ideal [z) (resp. the filter (z]) is a chain4 
The rank5 of L is the highest dimension of a cycle of L. 
i For the definition in the general case of posets see [4, p. 51. We remark that our concept 
of dimensiun is equivalent to the one, often used, of rank [l, IO]. 
’ The numbers W,,L are sometimes termed Level numbers (of the second kind) of L [l]. 
‘These concepts where introduced by Baer [3]. We use the terminology of Jonsson and 
Monk [7]. Our semi-primary lattices correspond to Baer’s completely splitting elements of a 
Dedekind set. 
4 The ideal [z) is the interval CO,, z], while the filter (z] is the interval [z, lL]. 
5 As remarked in footnote 1 the term rank is often used in another sense. 
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A finite-dimensional (not necessarily finite) lattice S is said to be semi- 
primary if it is modular and each element of S is the join of cycles and the 
meet of dual cycles. The class of semi-primary lattices is closed with respect 
to duals and intervals; the rank of any interval of a semi-primary lattice 
does not execeed that of the whole lattice [7]. We recall that, if S is any 
semi-primary lattice of dimension n > 0 and rank Z, then: 
(i) any cycle of S of dimension I has a complement in S [7]; 
(ii) the greatest element 1, of S is the join of independent cycles 
cl, . . . . c, 6 S, i.e., 
l& ci, ci A v cj =os, 
c 1 
i = 1, . . . . r; 
1 j#i 
moreover, if 6(ci) = ni for i= 1, . . . . r, then n,, . . . . n, is a partition of n which 
depends only on S and max ni = I [7]. We say that y1r, . . . . n, is the type6 of 
S and 0 is the type of the trivial lattice. 
Let q be a fixed positive integer. A q-lattice’ is a finite-dimensional lattice 
L with the property that every interval [a, b] of L, for which b is the join 
of atoms of [a, b], is isomorphic to the lattice of subspaces of a projective 
geometry of degree q, or to a Boolean algebra if q = 1. We deal here with 
Whitney number sequences of direct products of semi-primary q-lattices. A 
sequence vO, vl, . . . . v, of real numbers is said to be symmetric if v,-~ = uh 
Vh = 0, 1, . ..) [n/2], and unimodal if there exists an index r such that 
v,fv,< ... <v,>v,+l> ... >v,. 
We define for any (eventually void) partition a1, . . . . n,, positive integer q, 
and integer h the numbers [n,, . . . . n, ; h], through the recursion 
lzw,= <; 
i 
for h=O 
for hZ0 
[n,, . . . . hl, = [n1- 1, . . . . h - 11, + qh[%.&, . . . . h-J, for n,3 . . . >O. 
6 Our definition of rype is unequivalent to the one of [7]. 
7 This concept was essentially introduced by Ribeiro [9]. Our definition is the one of 
Stanley [lo]. We remark that all the results stated in this part remain true if this definition 
is replaced by the more general one: “a q-lattice is a lattice (satisfying the Jordan-Holder 
chain condition) in which any two-dimensional interval, not a chain, has 1 + q atoms.” Note 
that any chain is a q-lattice for every q. 
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We have proved [S] that8 
(j)9 for any value of the parameters and . . . > n,- 1 3 n,, Y > 2, 
c..., nr- I, It,; hl, 
= [ . ..) n,- 1 + 1, n, - 1; 121, + q(‘-I)y . . . . n,_ 1 - n,,Y&; h-n,],; 
(jj) for any value of the parameters, the sequence Vh = [n,, . . . . n,; A],, 
h = 0, 1, . . . . C yli, is symmetric and unomodal of the form 
with 
8 If 4 is a prime p, then [n,, ,.., n,; h], is the number of subgroups of order ph contained 
in any finite abelian group of type p”‘, . . . . p”’ 18). It is clear that all the identities stated in the 
case 4 prime remain true in the more general case 4 positive integer. In particular, the 
numbers [n,, . . . . n,; h], may be equivalently defined by the (dual) recursion 
[nl, . . . . hlq = [n, - 1, . . . . h], + q~“~-“[x+ . . . . h -n,], for n,3 .,. ~0 
Finally, note that 
[n;h&= l 
i 
for O,<h<n 
0 otherwise. 
9 We remark that this formula is very helpful to draw the function h -P [n,, . . . . n,; h],. For 
example (see Fig. l), 
[2,1, 1;h],=[2,2;h],+q2[2;h-l], 
=[3,1;h],+g*[RI;h-2],+ “’ =[4;h],+q[2;h-l],+ “’ 
= [4; h] -t (q + q2)[2; h - l] f  q2[@; h -21. 
where [n; h] stands for [n; h],. Hence the diagram of the function h -t [2, 1, 1; h], is given 
by 
T 
% ’ 
e ’ 
s--s- 
? 
% ’ I 
. ’ I 
PI I 
-p--L -m--s l-m* 
‘0 ‘1 ‘2 ‘3 ‘4 
FIG. 1. The function h--t [2, 1, 1; h],. 
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We recall, finally, that the generating polynomial of the Whitney 
numbers of the lattice direct product x;& is the product of the ones of the 
lattice factors: 
1 w,(x; Li) Xh = n c W/JLJ Xhf 
h 1 h, 
1. Semi-Primary q-Lattices 
Let S be any semi-primary q-lattice. We denote by 
r,(x) 
the set of all the complements of any x E S. 
THEOREM. If c E S is any cycle of highest dimension of the semi-primary 
q-lattice S, then 
## rs(c) = qw - c-)~ 
ProoJ Weuseinductionon6(1,)-6(c)~O.If6(1,)=6(c),thenc=1, 
and T,(c) reduces to 0,. If 6( 1,) -6(c) = 1, then c is a dual atom of S and 
each complement of c in S is an atom of S. Let d E T,(c), d is also a dual 
cycle of S; indeed, (d] = [Id, c v d] E [ c A d, c] = [c) is a chain, and hence 
there exists a unique element d” E S such that d c d*. We claim that d* 
covers each atom a ES. 
Indeed, it is trivial for a = d; if a #d note that a A d = 0, c d, a then 
a,d<avd; i.e., avd=d*,a<d*. 
We derive that the two-dimensional element d* is the join of all the atoms 
of S. Recalling that S is a q-lattice and observing that the unique atom of 
S which does not complement c is the one contained in c, we obtain 
#T,(c)=q+l-1. 
FKXRE 2 
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Now let 6( IS) - 6(c) > 1. Choose an element n E S such that c <n < 1, and 
consider the mapping II/ which maps any x E T,(c) in x A N E [n). Note that 
(see Fig. 2) 
(i) 44~) E Tc,)(c), vx E r,(c); 
(ii) $-l(z) = ~c,l(nl, vz~ Ten,(c). 
Hence 
#T,(c)= c #ll/-‘(z) ZE [?a) 
= C #Tccl(n). (1.1) zaJ-[n)(c) 
Note that n is a cycle of highest dimension in (z], VZE~~~)(C). Indeed, n 
is a cycle in (21: 
[z, n] = [z, c v z] 2 [c A Z, C] = [c); 
on the other hand, if w  is a cycle of (s], we have 
6e,(w) < rank(z] <rank S= 6,(c) = 6,,,(n). 
For the inductive hypothesis 
#T(,j(n) = 4 - 
6( 1(b)-6(;](n) _ 
-4 
s(ls)-6(2)-6(n)+h(z) 
Equation ( 1.1) becomes 
#T,(c) = q6(‘s)- sC,)# I-[@(C). (1.2) 
Note now that c is a cycle of highest dimension in [n). For the inductive 
hypothesis 
#&)(4 = 4 B(n) - a(c) > 
and Eq. (1.2) gives 
#Ts(c)=q 
6(ls)-S(n)+6(n)-6(c) 
. I 
We now can give the main results of this section. 
THEOREM. If S is any semi-primary q-lattice of type n,, . . . . n, and dimen- 
sion n( = C n,), then 
WJ= Cn,, . . . . n,; kl,, k = 0, 1, . . . . n. 
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Proof We use induction on n > 0. If n = 0, then X is the trivial lattice 
and the unique Whitney number of S is W,,S = 1; on the other hand, S has 
type @ and, by definition, [a; O],= 1. 
If n > 0, let c be a cycle of highest dimension in S and let c* be the 
unique atom of S such that c* <c. We claim that 
w,s= w,-,(c*] +qkW,(c-j, k = 0, 1, . . . . n. (1.3) 
Indeed, consider the set Jk of all the k-dimensional elements XE S such that 
x A c#O,. Note that 
XACZO~ iff c* <x; 
hence Jk is in bijection with the set of all (k - l)-dimensional elements of 
the filter (c*], and 
#Jk= W,-,(c*]. (1.4) 
On the other hand, consider the set Nk of all the k-dimensional elements 
y E S such that y A c = O,, and the mapping IJ which maps any y E Nk in 
y v CE (cl. Note that 
0) I,&) =k VY cNk; 
(ii) I+-‘(Z) = rcz)(c), VZE (c] : 6(,,(z) = k. 
Hence 
#Nk= c #W’(z) 
ze(cl 
= 
c # r,z,w 
ZE (c]&](z)= k 
=c4 
a(z)-a(c) = C qk = qkwk(C]. 
Equation (1.3) follows then by (1.4) and (1.5). Now let 
(1.5) 
l,=c, v c2 v ... v c, 
be a representation of 1, as the join of independent cycles. We may think 
that 6(ci) = ni for i = 1, . . . . r, n, = Max ni, and c1 = c. It is easily verified that 
the filter (c*] is a semi-primary q-lattice of type n, - 1, 
n2, . . . . n,, 
and 
the filter (c] is a semi-primary q-lattice of type n2, . . . . n,. 
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Hence, by (1.3) and the inductive hypothesis we obtain 
W,S= [n, - 1, . . . . k- l-j, + qk[%, . . . . k], 
ZZ Cn 1, . . . . kl, (by definition). 1 
Note that semi-primary q-lattices having the same “q” and the same 
type, though in general non-isomorphic , lo have the same Whitney number 
sequence. 
COROLLARY. The sequence of the Whitney numbers of any semi-primary 
q-lattice S of dimension n and rank I is symmetric” and unimodal of the form 
w,s< ... < wnp,s= ... = w,s> ... > w,s 
with 
t=Max([q],l), 
Proof: Let n,, . . . . n, be the type of S, then the dimension n of S equals 
C ni and the rank I of S Max ni. The statement follows by (jj) in the 
preliminaries and the previous theorem. 1 
lo Otherwise, there would be a unique (up to isomorphism) projective plane of degree 9! On 
the other hand, we remark that any semi-primary l-lattice L of type n,, . . . . n, is isomorphic 
to the lattice [,, ,,,,,, n, direct product of “the chain of length ni for . . . for the chain of lenth n,.” 
This is an immediate consequence of the following two facts: 
(i) L contains a sublattice isomorphic to c,,,,,,,,,; 
(ii) L and in,,...,,, have the same sequence of Whitney numbers, in particular, the same 
number of elements, 
ii This fact could suggest that semi-primary q-lattices are self-dual. It is not true. A coun- 
terexample may be build by gluing together the subspace lattices of two non-isomorphic 
projective planes of degree 9 by identifying the filter generated by a point in the first with the 
ideal generated by a line in the second (Fig. 3). 
FIGURE 3 
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2. Direct Products 
Recalling the observation concluding the preliminaries, we may say that 
the study of Whitney numbers of direct product lattices reduces to the 
study of the relation between the coefficients of the product polynomial and 
the ones of the factors. We define, for any 0 <a 6 b, the polynomials 
yf:=x”+ ... +xb. 
It is clear that the polynomial p(x) generates a symmetric and unimodal 
sequence of the form vO< . . . <v,-,= ... =v,> ... >u,, iff it may be 
written as 
p(x)= c ChYl:-h? 
t<h<n 
where the ch’s are positive. 
On the other hand, it is easily verified that 
Y:Y:= 
O<I<min(b-a,d-cc) 
THEOREM. Let p(j)(x) = vy) + v:j)x + . . . + V~)X”J be real polynomials, 
for j = 1, . ..) r and n; p”‘(x) = u. + ulx + . . . + v,xn (with C ni = n). If, for 
every apex j, 
v’j’ ,= ,!A “,-L I i = 0, 1, . . . . [nj/2] 
and 
vb” < . . . < UC& !, = . . . = q) > . . . > q’, 
then 
and 
V n-i=Vi i=O, 1 , . . . . [n/21 
vo< .‘. <v,-l= ... =v,> ... >v, 
with 
t=Max([+], Max tj). 
ProoJ We prove the case r = 2; the general case follows by induction in 
an analogous way. By the previous remark 
p”‘(x) = c cIc’)y;j-h, j= 1,2, 
t, < h =Z n, 
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where the cl;“% are positive. Hence 
~“‘(x)~‘2’@) = c ‘h ‘k Ynl-h d-k 
(1) (2) h 
11 <h < n, 
fz.sk<nz 
= 
c 
(1) (2) h+k--l/tk 
‘h ck Yn,-h+&k+lh,k 
ri<h<nt 
rz<k<n> 
0~ l&,t ~$min(Zh --nr,2k - n2) 
where the d;s are positive and 
t= min (h + k - I,,,) 
tlCh<nl 
OcIh,kC~~,T,S~h~n~,,2k--nz) 
= ,,yE,, (h+k-min(2h-n,, 2k-72,)). 
rtzkzn2 
Let us suppose that t, 2 t,. If t, > [(n, +n, + 1)/2], then, under the 
conditions imposed on h, k, 
t= min (h+k-2k+n,) 
rl<h<nl 
rz<k<nz 
=min (h-k+n2)=tl. 
: : : 
This equality, by the previous remark, gives the statement in the actual 
case. 
Now let be t, < [(nl + n, + 1)/2]. We claim that 
i.e., 
fl !nininl (h -t k - min(2h -n,, 2k- n2)) = 
tz~k~n~ r1+IS2+11T 
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or 
min 
2h-n,+2k-n, 
2 I 
- min(2h - n,, 2k - n2) = 0. 
: : : > 
Note that this relation holds true iff there are h, k such that 
2h-n,=2k-n,+&, &=o, +1. 
This fact necessarily happens because 
2n,-n,=n,32t,-n,, 
2t,-n,<2 F - 
[ I 
n,dn,+n,--n,=2n,-n, 
and we can move from the pair (n,, t2) to the pair (tl, n2) in such a 
way that 2h -nl - (2k-n,) diminishes of two units for each step. The 
statement follows as well as in the preceding case. 1 
COROLLARY. Let I be any interval of dimension n and rank 1 of a lattice 
L direct product of semi-primary q-lattices (not necessarily having the same 
“q”). Then the sequence of the Whitney numbers of I is symmetric and 
unimodal of the form 
with 
W,I< ... < W+,I= .‘. = W,I> ... > WJ 
t=Max([F],l). 
Proof In the case I= L the statement follows by the last corollary of 
the preceding section and the above theorem noting that the dimension 
and the rank of the lattice direct product are the sum of dimensions and 
the maximum of the ranks of the lattice factors. The general statement 
follows by observing that any interval of L is itself isomorphic to a direct 
product of semi-primary q-lattices. [ 
PART 2. FROM WHITNEY NUMBERS TO LATTICES 
Preliminaries 
In order to state a (strong) converse of the last result of Part 1, we need 
to recall some connections between semi-primary lattices and q-lattices. A 
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FIGURE 4 
(not necessarily finite) semi-primary lattice is said to be primary12 if every 
interval which is not a chain has at least three atoms. 
Note that any primary lattice is a q-lattice iff every two-dimensional 
interval, not a chain, has exactly 1 + q atoms. We recall that: 
(i) if P is any primary lattice having at least three independent 
atoms, then any two two-dimensional intervals, not chains, of P are 
isomorphic [7]. Hence P is a q-lattice for some q > 1; 
(ii) if S is any semi-primary lattice, then S may be represented as a 
direct product of primary lattices iff for every two cycles ci, c2 E S, the ideal 
[cl v c2) is distributive or primary [3].i3 
1. Symmetry 
THEOREM. If W, J= W, J, for each three-dimensional interval J of the 
modular lattice L, then L may be represented as a direct product of primary 
q-lattices. 
ProoJ: First step. L is semi-primary. Suppose that there exist elements 
of L which are not the join of cycles and choose x E L minimal with respect 
to this property. It is clear that x has to cover exactly one element y E L 
and y has to cover at least two elements U, u EL. Then taking J as the 
three-dimensional interval [u A v, x] we have IV, J> 2, W, J= 1, in 
contradiction with the hypothesis (see Fig. 4). Any element of L is the meet 
of dual cycles by duality.i4 
I2 Footnote 3 may be repeated in this case. We recall the Baer-Inaba [3, 61 and J&son 
and Monk’s 173 theorems: “Every primary, resp. primary arguesian, lattice, having n inde- 
pendent cycles of highest dimension, is isomorphic for n > 4, resp. for n 3 3, to the submodule 
lattice of a finitely generated module over a completely primary and uniserial ring.” 
l3 We leave to the reader to verify that this is a correct translation in our terminology of 
Theorem 1.4.1 of Baer [3]. 
l4 Likewise it may be proved that if W,J= B’,~,J for any n-dimensional interval of the 
lattice L (satisfying the Jordan-Holder chain condition) then any element of L is the join of 
cycles and the meet of dual cycles. 
46 FRANCESCO REGONATI 
Second step. If the element x E L is the join of two cycles of L, then all 
the two-dimensional intervals, not chains, contained in the ideal [x) have 
the same number of atoms. We may suppose that x = 1 L. Let 1, = b v c, 
with c, d cycles of L and assume 6(b) 3 6(c) > 0. 
Note, first of all, that: 
(i) 1, is the join of at most two independent cycles. Indeed, b is a 
cycle of the highest dimension in L [7]; hence it has a complement din L, 
which is a cycle because 
[d) = [b A d, d] g [b, b v d] 
= [b, b v c] E [b A c, c] is a chain. 
If d = O,, L is a chain and there is nothing to prove; let d > 0,. 
(ii) Any element y E L is the join of at most two independent cycles. 
Indeed, y A b is a cycle and 
[y A 6, y] E [b, b v y] E [b, b v c] . . . is a chain. 
Hence there exists a cycle f~ L such that y = ( y A b) v f and y, by the 
previous point, is the join of at most two independent cycles. 
(iii) The join of all the atoms of L is z = b’ v d’, where b’, d’ are the 
unique atoms preceding b, d, respectively. Indeed, otherwise z would be the 
join of at least three independent atoms, in contradiction with the previous 
point. 
(iv) If y E L is not a cycle, then z < y. Indeed y is the join of exactly 
two independent cycles; the join of all the atoms of the ideal [ y) is, by the 
previous point, a two-dimensional element of L which precedes z and hence 
it coincides with z. 
We use induction on the dimension n of L; the statement is trivially true 
for n = 2; let it > 3 (i.e., 6(b) B 2). 
Let [x, y] be any two-dimensional interval, not a chain, of L. If y < l,, 
the two-dimensional ideal, not a chain, [z) is contained, as well as [x, y], 
in the ideal [y); hence, by the inductive hypothesis, [x, y] has as many 
atoms as [z). On the other hand, if 0, <x, we consider the dual lattice of 
L, repeat previous arguments, and derive that [x, y] has as many atoms 
as the two-dimensional filter, not a chain, (w], where w  is the meet of all 
the dual atoms of L. Hence, if there exists an interval, not a chain, [x, y] 
of L such that O,<x and y< l,, then all the two-dimensional intervals, 
not chains, of L have the same number of atoms. 
Otherwise, we consider the interval, not a chain, of L, 
[b’, 6” v d’], 
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where b” is the unique two-dimensional cycle preceding 6. It has to be 
b” v d’ = 1,; hence yt = 3. In this case [z) and (w] are the unique two- 
dimensional intervals, not chains, of L and the number of atoms of [z) is 
W, L which equals, by hypothesis, W, L which is the number of atoms of 
(w] (see Fig. 5). 
Third step. L may be represented as a direct product of primary lattices. 
Indeed, L is semi-primary and, if cr, c2 E L are cycles of L and c1 v c2 = X, 
then: 
(I) if c1 and c2 are comparable, [x) is a chain, i.e., both primary and 
distributive; 
(II) if c1 and c2 are not comparable, we may suppose that 
c, A c,=o L; by the previous step, any 2-dimensional interval, not a chain, 
contained in [x) has, say, q’ atoms; if 4’3 3, [x) is primary, otherwise it 
is isomorphic to a direct product of two chains,” hence distributive. 
The statement follows by (ii) of the preliminaries. 
Fourth step. L may be represented as a direct product of primary 
q-lattices. Indeed, if M is any primary direct factor of L, then M is a 
q-lattice: trivially if 1, is a cycle; by the second step if it is the join of two 
independent cycles; and by (i) of the preliminaries in the remaining 
cases. 1 
PART 3. CONCLUDING REMARKS 
We obtain, as consequences of the results of parts 1 and 2, the following 
corollaries: 
Let L be any modular lattice, then each interval of L has a 
symmetric and unimodal sequence of the Whitney numbers (of 
FIGURE 5 
I5 Recall footnotes 7 and 10. 
582a/60/1-4 
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FIGURE 6 
the second kind) iff L may be represented as a direct product of 
primary q-lattices. 
If IV, J= W, J, for each three-dimensional interval J of the 
modular lattice L, then any n-dimensional interval of rank I of 
L has a sequence of the Whitney numbers (of the second kind) 
symmetric and unimodal of the form 
wo< ... < wnpt= ... = w,> ... > w, 
with 
Finally we give two examples showing that the last result of Part 1 may 
not be roughly generalized, even in order to obtain only unimodality. 
Figure 6 represents a primary (arguesian, also) lattice having a non- 
unimodal sequence of Whitney numbers. Lattice L, the direct product of 
the ones in Fig. 7, is distributive, hence a l-lattice; any element of L results 
FIGURE 7 
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in the meet of dual cycles (but not, in general, the join of cycles) and has 
a non-unimodal sequence of Whitney numbers. Indeed, 
=1+5x+10x2+11x3+10x4+11x5+ . . . . 1 
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